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Notions and results

Ascending chain condition :

→Descending
Let P be a Poset .

P is ACCCD.cc) if

a
,Lana, s - - - Terminates (an=an⇒= - - -)
a
, > day as > - - -

P : ACC# Every nonempty subset of P has

DCC maximal element .
minimal

Noetherian ring : Ii QR

① I , SIZE . - - -EIKE - -- Terminates
.

② Every set ideals has maximal element .

③ Every ideal is finitely- generated .

Example : TR , Q , ft , Z1 , any finite ring .

m2



Artinian rings : Iif R

I
,
7-Izz - - -ZIP - - - Terminates

Example . F
, 2% , finite rings .

Hilbert basis Theorem .

R : Noetherian→ REX]
, READ : Noetherian

EMain focus of this talk

Krull dimension .

supremum length of all chains of prime ideals in R .

P,E RE -
- -E Ph
-

lengthn

R : Noetherian → Every prime has lengthso
Not necessarily for R(Nagatha example : kcxnxa ,-3)



Ascending chain condition on principal ideals .

a.RE azRE asRE - - -

RaiERaeRase . . .
Terminates
- ACCPL

-AccPR

if R is commutative, Aapl- AccpR = Accp .

Note : DCCPLCR) is also important, forexample

DCCPL = right perfect ring (Bass 1960)-
Lef R-mtodnle +flat -- projective

skew polynomial ring :

aE EndCR)
,

REX,-23 - { f : polynomial inR } with sea-2cal a taek .

Example : R= tf, Ct ] , act ) = -t , 247=1 -

Cott x)↳ t # 5*7=9t-tk3.tt 15kt tn5k
= at - 3-4×+4×+5tu

= at + (4- 3E) see5tx2

skew power series Rand] ring is also defined similarly
.



Questions :

① Do we have Hilbert basis
theorem for

REX,a] , Rex, xD ? If not, what conditions

on R , a should we have to get

the Hilbert basis theorem ?

② Do we have a similar theorem like

the Hilbert basis theorem for Accp

instead of Noetherian (Acc) ?

How about Hilbert basis theorem for Accp

on REX,a] or REX, xD ?



-

Atomic ring .

Every AER can be written as a finite product

of irreducible elements (atoms) .

Example : Noetherian domain , fields , U FD , . -

Grams ( 1974) : R : commutative

R : Atomic, domain =¥ REX, ,xz , - - -] : Atomic
,
domain

Grams (1974) i R : commutative

Ri D. omain

II : Integral closure of R : Accp)⇒ R : ACCP
.

Are atomic rings Accp ?

Zaks ( 1980) :

µ
µkC¥¥¥⇒,

Then Rs kn-E.xiiE.ie#....z;ztizygkpxnxz,
- - -) is atomic, but does not

k : field
satisfy A cop .

So the answer is No .



K = k[Xi , xz , - - -]Heinzer
,
Lantz ( 1994) :

y
k
i field

Let I= { xncxn- xn- i) ,milk and S - kg .

Define R is See .az, . . .> be localization .
Then R satisfies Accp, but Rly] does not

satisfy Accp :

(E. Ytl) Rap E (stay +1) Rape . . .
does not terminate .

Do we have a similar theorem like

the Hilbert basis theorem for Accp

instead of Noetherian (Acc) ? No



First good news .

Ri: Noetherian /→¥ R[×,a] is
noetherian .

x : t - t )
skew Hilbert basis theorem ?

Question : If REX,a] is noetherian
, can we

say a is 1-1 ? VERY HARD

Reduced rings : for every oleo
, a -- o .

So Xy=o⇒ yx=o .

ACC on ann .

Ann#DE AnnLiz) E Ann e . .
. .
terminates .

Frohn ( 2002) : R : commutative

R : Accp

Ri Acc on annihilators (→
RED : Accp

R : Reduced

Note : fro hn has counterexample for

Ri Accp

Ri Reduced } # REM : Accp .



Generalized power series (Monoid ring) :

R :

ring
⇐f) : strictly ordered monoid ( asb⇒ac> bc or acsbc) .

→
all az.to inRISD -ft :S- R} , Sepp if ,={ secs ; fcs,⇒ of powerseries

Swppcf) : artinianTs
' >sass > -- - terminates

narrow
↳ each pairwise incomparable subset has

finitely element .
and

→ Ebkcn -k -- an -

f-g) Cs) -- y§ tch TY) Example of f :

µThen REST is a ring . |f=%#taxaa
-

Example :
= @wc.p , f) ⇒ REST -RED

② if asb if atb, then RENU lol ,ED - REX]

③ if S - Cz, s)
,
REST] - REE! xD Laurent series

④ if S⇐@ . , REST = REGT group ring

⑤ if S - Zhen , RISD = Ratify → cyclic codes ?



Brookfield (2004) :

R : Noetherian sooooo {⇒ REED : Noetherian
(M , f) positive, artinian, narrow, strictly ordered

M finitely generated
Generalized
Hilbert basis

Theorem .

Nasr (2014) :

R : ACCPLCR)

Ri Domain /-7 RAKED , READ : AccpLCR)
.

X : I- I

can we do better than domain ?

a- Rigid ring : if axial - o , then a--o .

a-rigid-
R is reduced .

→x is l- l .

Nasr (2014) :

R : ACCP LCR)

R : Acc on any }→ READ] AccpLCR)

R : a- rigid



Generalized power series (Monoid ring) :

R :

ring
⇐f) : strictly ordered monoid ( as b⇒ac> bc or ace bc) .

W :S→ EndCR) , west - cosG-End CR) .

R WD - ft :S→ R} , seppcf , = {ses ; f ⇒of
all a#finerseries

Supp( f) : artinianTs
' >sass > -- - terminates

narrow
↳ each pairwise incomparable subset has

finitely element .
and

→
[broken

-D= an -

Iglesia fear w×CgcyD

Then Ras,wD is a ring .

Example :

f-= 6 x
"
- 7 xrt 9×7 . - .

S- rigid : if awseas - o , then a-o .



Liu (2004) :

R domain

ER : Accp / ⇒ REST : Accp

S : strictly ordered

Ziembowski
,
MaZurek (2009) :

R .
- ACCPLCR)}→ Ras,WD : ACCPHR)
Ws : injective domain
R : Domain )

case (R) : Ws preserve nonunits of R

can we do better than domain ?

Padashnik , M .

.

Ri ACCPHR)
R : Acc on .am/--yRE5wD--AcrcedP.kecdR?
R : S - rigid
S : artinian-narrow



S- finite
. SER multiplicative subset .

IIR :S -finite# 3 finitely-generated JER
s -t . Tests, Is EJEI

S
-
Noetherian

.

All ideals of R are S - finite .

Archemi dean ring .

For nonunit element AER
,

an R - o .

"Feit Ccp • a
.
. . - an R - o , ai : nonunit

Accp # Archimedean
{Archimedean #Accp

ACCP domain→ Archimedean domain .



AS
- anti - archimedean .

Z SESER multiplicative s -t .

N

M R ok"cs, okay ok3cg . - - ok" Cs) t ( o> .

a- I

kiss

Padashnik , M i

r : I- I , onto

SER

i}÷I÷:÷::
"#Raid :S Noetherian

w! S - Hilbert - basis ?

Theorem
.

Rj domain }⇒Q(REHAB) has a
f) Ran - o
a-i transcendental degree .



Padashnik (2019 ) :
R : domain

⇐ f) strictly ordered}→ RES
,
OD Archimedean

domain
R : Archimedean
Ws : Y - l

for S - rigid case,

fdadashnik,M,Qureshi (2020)

R : a- rigid I
Ri Archimedean f

→
REATD Archimedean

reduced .

R : ACC on ann



Pf steps : Rex,aD=A

Let f- { g l h Agn# of , If- cough .

I { Ann ( VI c.g) ICIER , get }IEM

→ It0→ T has maximal element

V - Ann ( U Icif ) ,

step 1 . V is a two- sided completely prime ideal .

Step 2 . a-
'

CV ) - V

steps . #Rg Ex, ID Arch
.
domain

Step4 . F is non unit in W
.

Steps .
A is reduced Archimedean domain
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